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ABSTRACT
In order to develop automatic image-based methods for damage evaluation after earthquakes, crack maps need to
be evaluated using computer-based algorithms. A common method to link the crack map to a damage state is to
compute the fractal dimension of the crack map by the box-counting method. In this paper, it is shown that
determining the fractal dimension by the box-counting method can lead in some cases to erroneous interpretations
of the level of the damage as an increase in the number of cracks does not necessarily lead to an increase in the
fractal dimension. To tackle this issue, the fractal dimension is computed by another method, the extended box
counting method. It is observed that this estimation of the fractal dimension can better capture the increase in the
number of cracks. The method is applied to masonry walls and it is shown that a good correlation between the
complexity dimension and the stiffness loss ratio exists.
Keywords: Masonry; Crack pattern; Fractal dimension; Complexity; Box-counting method; Extended boxcounting method.

1. INTRODUCTION
Damage assessment of structural elements using non-destructive methods has received significant
attention. With the advent of cameras that are able to take high-resolution photos and unmanned aerial
vehicles (UAVs), image-based methods can be developed that combine automatic damage detection
techniques on images with methods that analyze the crack patterns quantitatively (ATC, 1998; Grünthal,
1998; Galarreta, Kerle and Gerke, 2015) These quantitative measures can then be linked to a change in
structural properties, such as stiffness loss. The latter can then be used to update finite element models
and reevaluate the seismic safety of the structure.
Rather than considering physical properties of crack maps like length, width, direction and location, the
fractal characteristics of the pattern on an image, such as the fractal dimension (Lopes and Betrouni,
2009), lacunarity (Plotnick, Gardner and O’Neill, 1993) or the succolarity (de Melo and Conci, 2013),
can be used to evaluate the damage state and to predict the properties of the damaged structural elements.
The most common way of characterizing crack maps by fractal dimensions is to analyze the crack map
by means of the box-counting method. While the characterization of crack patterns by fractal dimensions
has been investigated, it is not yet very widely used in civil engineering applications. In structural
engineering, Sun et al. (2011) explored the relation between the applied load and the fractal dimension
of cracks on the surface of concrete beams. They found that the size of aggregate has an effect on the
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crack growth. Issa et al. (2003) explored the relationship between the toughness of the fracture surface
of concrete specimens and the fractal dimension of the crack pattern. They concluded that by increasing
the toughness of the fracture area, the fractal dimension of the crack pattern increases. Using monofractal
and multifractal analysis of crack patterns on reinforced concrete structures, Maosen et al. (Cao, Ren
and Qiao, 2006) showed that there is an approximately linear relationship between fractal quantities and
some traditional damage indicators like natural frequency and average carbonized depth. Yang et al.
(Yang, He and Dai, 2017) used fractal dimensions of crack patterns to characterise the damage of the
reinforced concrete beams at the failure stage.
Recently, researchers have investigated the crack patterns of reinforced concrete walls (Farhidzadeh et
al., 2013; Ebrahimkhanlou, Farhidzadeh and Salamone, 2016; Carrillo and Avila, 2017; Carrillo,
Dominguez and Prado, 2017). They established correlations between the fractal and multifractal
dimensions of the crack maps and the overall structural properties such as stiffness loss and maximum
attained drift ratios. Farhidzadeh et al. (Farhidzadeh et al., 2013) proposed a formula to relate the value
of the damage index (DI) based on fractal dimension to the relative stiffness loss ratio of large-scale
rectangular concrete shear walls. They observed a good agreement between the results of the fractal
damage index and the relative stiffness loss ratio obtained from the experimental test. Ebrahimkhanlou
et al. (Ebrahimkhanlou, Farhidzadeh and Salamone, 2016) evaluated the reinforced concrete shear walls
by multifractal analysis of the crack patterns. They showed that different crack growth, both at small
and large scales, could be addressed by the multifractal analysis, which is useful when assessing
automatically the state of concrete walls. Carrillo and Avila (Carrillo and Avila, 2017) put forward some
empirical relations between fractal dimension and the maximum attained story-drift ratio of thin and
lightly reinforced concrete walls that can serve for estimating the current performance of the cracked
walls. For brick masonry walls, Dolatshahi and Beyer (Dolatshahi and Beyer, 2018) proposed another
expression based on both textural and structural fractal dimensions to estimate the stiffness loss ratio
and strength degradation. They observed satisfactory agreement between the suggested formula and the
experimental results.
It is evident that using fractal characteristics of the crack patterns to evaluate the damage of a structure,
is less time-consuming, less subjective compared to the visual inspection and opens up new possibilities
with regard to automated inspection methods. However, in this paper we show that there are also some
drawbacks of estimating the fractal dimensions by the standard box-counting method, which has been
used in previous structural engineering applications, and that other methods, namely the extended boxcounting method might be a suitable alternative method. . The paper commences by introducing the
standard box-counting method and discussing some limitations of the method for analyzing the fractal
characteristics of a crack pattern. Thereafter, another way of evaluating the fractal dimension of an
object that is referred to as “extended box-counting method” is explained. The advantages of using the
latter method over the box-counting method is then discussed. Finally, some correlations between the
so-obtained complexity dimensions and stiffness loss ratios of masonry walls, which were tested at
EPFL (Petry and Beyer, 2015), are established. The results indicate that the relationship between the
stiffness loss ratio and the complexity dimension in a specific magnification range follows a linear trend
that could in the future be used in post-earthquake assessment situations for estimating the residual
stiffness and strength of damaged elements once it has been validated for a large set of unreinforced
masonry walls.
2. FRACTAL AND COMPLEXITY ANALYSIS
Fractal dimensions, mainly developed by Mandelbrot (Mandelbrot, 1983), are used to determine the
irregularity, complexity and space filling properties of an object (Mandelbrot, 1983; Corbit and Garbary,
1995; Sandau, 1996; Di Ieva et al., 2007). One of the properties of a mathematical fractal set is selfsimilarity over the infinite range of scales; however, natural fractals are statistically self-similar only
over a specific range of scales (Buczkowski et al., 1998; Falconer, 2004).
In practical cases, there are a number of methods to compute the fractal dimension of an object, among
which the box-counting method (BCM) is one of the most widely used approaches (Falconer, 2004;
Lopes and Betrouni, 2009; Farhidzadeh et al., 2013; Ebrahimkhanlou, Farhidzadeh and Salamone, 2016;
Carrillo and Avila, 2017; Carrillo, Dominguez and Prado, 2017). The estimated fractal dimension using
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the BCM depends on various parameters that need to be chosen when applying the BCM. These include
the minimum and maximum box size (Ostwald, 2013), the scale factor (Ostwald, 2013; So, So and Jin,
2017) and the grid position (Bouda, Caplan and Saiers, 2016; Di Ieva, 2016).
Sandau (Sandau, 1996) proposed another method that is called the extended box-counting method
(XBCM). It computes the fractal dimension over a specific range of magnification. Sandau and Kurz
(1997) stated that for arbitrary structures, a dimension representing the complexity, which they called
the “x-dim”, should be investigated rather than fractal dimensions that are estimated by BCM. In this
method, the dimension is calculated based on the most complex region of the set (Sandau, 1996). Better
preservation of the union stability—the dimension of the union of two arbitrary sets must be equal to
the maximum dimension of the two individual sets—makes this method superior to the BCM.
Comparing two images, Sandau and Kurz (1997) showed that in some cases, although the visual
complexity of one of the images was higher than the other, the fractal dimension computed by the BCM
was lower for the complex pattern. The main reason for this contradictory results is the use of the leastsquares method in the BCM to obtain the best fitted line, which slope determines the fractal dimension
(Sandau, 1996).
In this study it is shown that in particular cases, the value of the box-counting dimension decreases as
the cracks grow and fill more regions of the wall—the crack pattern becomes more complex. In the
following sections, the BCM and the XBCM are introduced and advantages of using XBCM rather than
BCM are investigated.

2.1 Box-Counting Method
To estimate the fractal dimension of a pattern by BCM, a set of grids with various box sizes is placed
on the object and the number
of the boxes intersecting the pattern, here the crack map, is counted.
The value of the fractal dimension
is determined as (Falconer, 2004; Lopes and Betrouni, 2009):
lim
→

log
log

(1)

In practice, log
versus log is plotted and then the slope of the graph over the range of scales
where points fall on a straight line is determined by the method of least squares (Peitgen, Jürgens and
Saupe, 2006). The absolute value of the slope is the box-counting dimension that is the estimation of
fractal dimension (
). This method is not only applied to fractal geometries but also to patterns
that are not exactly self-similar (Peitgen, Jürgens and Saupe, 2006; Feldman, 2012; Di Ieva, 2016), such
as crack maps. As an illustration, two crack maps of the same wall are shown in Figure 1—the wall has
the dimension 2000 mm x 2000 mm and the scale of the image is 1 pixel=1 mm. The stair-stepped cracks
of the second pattern cover a larger region than the stair-stepped crack of the first pattern. The
s
of these two patterns are calculated as follows:
1) First, the smallest rectangle covering the crack map is determined, namely the “bounding box”
(Karperien, 2007)— in Figure 1 the bounding box is depicted with red color;
2) The boxes are squares and have the sizes of 2n pixels, where n=1,2,3,…m (Peitgen, Jürgens
and Saupe, 2006);
3) The lower limit is set to 2 pixels and the upper limit of the interval is supposed to be less than
half of the minimum size of the bounding box, i.e., the upper limit is 2 with
max |2
min bounding box ⁄2 (Foroutan-pour, Dutilleul and Smith, 1999; Roy et al.,
2007; Harrar and Hamami, 2009);
4) The origin of the grid corresponds to the bottom left corner of the bounding box;
5) The horizontal and vertical lines of the lattice are assumed to be parallel to the horizontal and
vertical edges of the image, respectively (Bouda, Caplan and Saiers, 2016).
It can be seen that there is a linear correlation between log
and log in the considered
magnification range with a high value of coefficient of determination, which means that the pattern can
be described by reporting just one dimension. In some cases, there could be an apparent slope change
3

that shows the fact that the object has different dimensions in various range of scales (Peitgen, Jürgens
s for the crack map I and II are
and Saupe, 2006) and two line must be fitted to the points. The
1.01 and 1.00, respectively, though the visual complexity of the crack map II is higher than the visual
complexity of the crack map I. Thus, if the box-counting algorithm is used as an automated method to
evaluate the level of damages, according to the computed
s, one can infer that in the second stage
the wall has experienced a slightly lower level of damage, which is not correct. Indeed, the main reason
for such a misleading result stems from the methodological issues tied to the BCM, including the
influence of the box sizes, the positions of the grids and the least square procedure (Buczkowski et al.,
1998; Foroutan-pour, Dutilleul and Smith, 1999; Roy et al., 2007; Ostwald, 2013; So, So and Jin, 2017).
The results show that the
s for the two crack maps are almost the same and equal to one meaning
that horizontal, vertical, diagonal and stair step cracks lead to the same fractal dimension estimated by
this method. From a physical point of view, however, they have diverse effects on the overall and local
response of the wall. It is worthwhile noting that the box-counting dimension is always around one when
few disconnected cracks are dispersed over the structure. Since in this case, the boxes only intersect the
lines at small scales; therefore, the estimated fractal dimension tends toward the topological dimension
of a line that is one. The following section seeks to define another measure for the fractal dimension of
the crack pattern, aiming at discriminating between the two crack maps with various levels of
complexity.
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Figure 1. Crack maps and the corresponding
a) crack map I b) crack map II

3

4

5

6

7

8

(b)

2.2 Extended Box-Counting Method
The extended box-counting method can be used to calculate the fractal or complexity dimension of a set
:
that has been termed x-dimension (Sandau, 1996) that in this paper, is referred to as
a) A set of masks with various grid sizes is considered as schematically shown in Figure 2. In this
figure, the grid size is a and the mask size is b. Pragmatically speaking, it is advised to use
powers of 2 (i.e. 2,4,8,…) for both a and b (Sandau, 1996). The minimum size of the grid (a) is
recommended to be at least two pixels and the maximum size of the mask (b) is restricted by
the minimum size of the image (Sandau, 1996). In this paper, to compute
s for the crack
patterns of the tested walls, the mask sizes are moved over the image by a step size that is lower
4

than the minimum size of the brick (200 mm), to reduce the computational cost.
b) Then, the image is scanned by a given mask and the number N of the small boxes, which
comprise at least one black pixel, is counted. Figure 3 pinpoints a typical crack map in masonry
walls that is covered by a mask.
c) The position of the mask must change through the whole image to find the mask with the
maximum number of , i.e.
.
d) The fractal dimension or complexity dimension is obtained based on the mask size b and grid
size a as follows:
log
(2)
log
log
change of mask size (b)

b

change of grid size (a)

a

Figure 2. Illustration of mask and grid sizes

(a)

(b)
Figure 3. Covering of an image by a given mask
a) crack map b) covering by a mask

for the crack maps illustrated in Figure 1 are computed in order to make a
Now the values of
comparison between the results of XBCM and BCM. Figure 4 shows that the complexity dimension
of the crack map II is higher than the crack map I, which corresponds to the visual complexities
s can be obtained according
of these patterns. The other advantage of XBCM is that different
to the given mask and grid sizes, which allows exploring the complexity of the crack patterns in various
scale ranges. Here, a wide range for and are used to investigate the complexity of the pattern at
to investigate the damage assessment of
different scales. It can be inferred that utilizing
structural elements in a specific period is advantageous over the conventional box-counting dimension,
5

for as the crack grows and covers the element, the value of the complexity dimension also increases. In
for the damage assessment of masonry walls under
the following section, the application of
quasi-static load is addressed.

1.8

1.8

FDXBCM

2

FDXBCM

2
1.6

1.6

1.4

1.4

1.2
1
10

1.2

9

8

log2 b

7

6

0

2

6

8

1
10

10

4 log a
2

9

8

log2 b

7

6

0

2

6

8

10

4 log a
2

(a) Crack map I
(b) Crack map II
Figure 4. Fractal dimensions computed by XBCM

2.3 Case study
In this section, the complexity dimensions of the crack maps of the brick masonry walls with a length
of 2010 mm and height of 2250 mm, namely PUP, tested under quasi-static conditions at EPFL (Petry
and Beyer, 2015) are computed. To prepare the images for applying the extended box-counting method,
the skeletonized binary crack patterns at each drift ratio are drawn in AutoCAD (2011) with the scale
ratio of 1 pixel/mm. As an illustration, Figure 5 and Figure 6 show the crack maps and corresponding
complexity dimensions at various drift limits for wall PUP2, respectively.

(a) drift=0.10%

(b) drift=0.15%

(c) drift=0.20%

(d) drift=0.25%

(e) drift=0.30%
Figure 5. Crack maps of the tested wall PUP2

(f) drift=0.40%

increases as the cracks grow with increasing
It can be observed that in general, the value of the
values are computed based on the position of the mask
drift ratios. This is due to the fact that
where the number of intersected boxes is maximum. Moreover, for a given mask size, by increasing the
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size of the grid, the obtained
becomes higher, although the number of intersected boxes
declines. This rise continues until there is a mask position where all the grid boxes include at least one
black pixel that leads to the
of two, which implies that the crack pattern almost covers the
whole area in the given magnification range.
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Figure 6. Complexity results (wall PUP2)
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Now, the efficiency of the box-counting and extended box-counting methods in estimating stiffness
degradation of the walls (PUP2-6) during the test is compared. To do so, the stiffness loss ratio predicted
by BCM and XBCM is obtained according to Equation 3 and Equation 4, respectively:
(3)
1
(4)
1
denotes the predicted secant stiffness loss ratio. Moreover, the secant stiffness loss ratio of
where
the tested wall SLT is defined as:
1

(5)

in which stands for initial stiffness of the wall and is the secant stiffness of the wall at the maximum
drift ratio of each cycle.
, the range over which the pattern shows fractal
For computing the box-counting dimensions
behavior is used to fit the straight line. Here the linear line is fitted for dimensions between the height
of the brick and half the minimum size of the bounding box. For calculating the complexity dimensions
, the size of the mask is considered 1024 mm based on the suggestion in Sandau (1996), which
is roughly equal to half the minimum wall dimension. However, the size of the grid is assumed variable
to evaluate which size correlates best with the stiffness loss.
In Figure 7, the comparison between the stiffness loss ratios obtained in the experiment and those
predicted by the standard box-counting algorithm is shown. In the ideal case, the data must fall on the
red line, meaning the error in estimating the stiffness loss ratio by fractal analysis is zero. It can be seen
that the coefficient of determination is rather small and the data are largely scattered with respect to the
red line.
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Figure 7. Graph of stiffness loss ratio obtained in the test and predicted by BCM

According to Figure 8, it can be seen that there is a linear correlation between the stiffness loss ratios
obtained in the experiment and the one predicted by the XBCM. Furthermore, in comparison with Figure
7, the data are better correlated and the coefficients of determination for all considered grid sizes are
higher. Considering a grid size of 64 mm results in the best estimate of the stiffness loss as the data are
closest to the ideal red line. For other grid sizes where there is a deviation from the red line, applying a
constant to the computed fitted line can reduce the error of prediction. In both grid sizes, 16 and 32 mm,
the stiffness loss ratios are underestimated whereas considering 128 mm results in conservative stiffness
loss ratio prediction. It is worth mentioning that generally as the grid size increases, so does the
contribution of every single crack pixel to the rise of the complexity dimension.
In theory, it is observed that using the XBCM for defining a correlation between the stiffness loss ratio
and fractal dimensions of the crack maps is superior over the standard BCM. However, it is necessary
to choose a suitable grid size or to apply a constant coefficient to the obtained fitted line to predict the
stiffness loss ratios.
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3. CONCLUSIONS
In structural engineering applications, fractal dimensions of crack patterns have so far been estimated
by applying the classical box-counting method (
). The resulting estimates of the fractal
dimensions of the crack pattern were used to define correlations between the damage to the structural
element and physical properties of the structure such as the loss of stiffness. In this paper, it was shown
that due to some shortcomings of the classical box counting method, it might be better to use another
dimension, namely the x-dimension or complexity dimension (
), which is capable of
representing visual complexity based on the concept of fractals. To be more specific, it was observed
that in some cases, although the space-filling characteristic of the crack pattern increases along with the
visual complexity, the box-counting dimension
decreases. On the other hand, because the
depends on the most complex part of the image, its trend is always
complexity dimension
increasing as the complexity of the crack pattern rises. To verify the capability of the extended box
counting method for estimating the stiffness loss of damaged unreinforced masonry walls, the
relationship between the stiffness loss ratio of walls tested at EPFL and the complexity dimensions of
the crack maps was determined. It was found that
correlates well with the stiffness loss ratio
of the masonry walls. As a result, the complexity dimension
could be used as a quantitative
measure to explore the current condition of the masonry walls. Future work will aim at generalizing the
and stiffness loss relationships for a large range of wall dimensions as
relationships between
well as static and kinematic boundary conditions.
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